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Abstract—\We present results concerning three different types of time and chirp-rate. We show that these quartic methods pro-
quartic (fourth order) time—frequency distributions (TFDs). First,  vide results that are not obtainable with the simpler, linear or
we present new results on the recently introducedbcal ambiguity quadratic distributions.
function and show that it provides more reliable estimates of in-
stantaneous chirp rate than the Wigner distribution. Second, we in-
troduce the class of quartic, shift-covariant, time—frequency distri- [I. LocAL AMBIGUITY FUNCTION
butions and investigate distributions that localize quadratic chirps.

Finally, we present a shift covariant distribution of time and chirp Recently, a peculiar, quartic function called tbeal ambi-

rate. guity function(LAF) has been derived [19]-[21] and presented
Index Terms—Chirp modulation, estimation, signal representa- in several, rather F:ompllt_:ated fprms [19]. The LAF Combl_nes
tion, time—frequency analysis, Wigner distributions. elements of the Wigner distribution and the ambiguity function,
which are defined as
. INTRODUCTION Wt w) = / - (t+ %) - (t B %) T gy

HE NOTION of a time—frequency distribution (TFD) 1 - -~ .
[1]-[3] is inherently a concept that is not well defined A0, 7) = > / x (t + 5) z* (t - 5) eI dt
[4]. A frequency is something that is measured over a period "
of time (e.g., how many times does the heart beat in a minutgdspectively. One method for computing the LAF is
and we would like to specify this frequency description at
an instant of time (e.g., how fast is the heart beating right 1 2 9
now). Nevertheless, TFDs have proven to be useful in man)Qw(tv w, 7, 0) = o //W <t T Wt Q) We
applications [5].
TFDs have been defined in a variety of ways. They can be 7 6 Grh—joF oo 15
a linear function of the signal like the short-time Fourier trans- Nt —g e drds. (1)
form [1]—-[3] and the continuous wavelet transform [2], [3], [6].
They can be quadratic functions of the signal like the Wigner In[19], the marginals of the LAF were completely developed.
distribution [1]-[3], the Cohen class [1]hyperbolic distribu- Two of them are
tions [7], and the Bertrand distributions [8]. Others have spe-
cific higher order forms such as the higher order Cohen classes 21 |W,(t, w)|2 = //Qa;(t, w, 6, ) dr do
[9], [10], the L-Wigner distributions [11], [12], and the poly-
nomial Wigner—Ville distributions [13], [14]. Others do not fit y
into any of the above categories like the reassigned spectrogram 2| A (0, 7)) :/ Qu(t, w, 0, 7) di dw.
[15], adaptive kernel distributions [16], and positive distribu-

tions [17]. These marai : .
. - ginal properties suggest that the LAF can be inter-
Despite the abundance of methods for defining TFDs, theﬁ?eted as a simultaneous distribution of the four variables cor-

has yet to bg an in-depth in_vestigation of quartic (fourf‘h'orde@sponding to time, frequency, lag, and doppler. In [19], the ge-
TFDs. In this paper, we will present results concerning threg, o ofthe | AF was investigated for a two-component signal,
different types of quartic distributions. The first is the recentlgnd the LAF was applied to the design of signal adaptive ker-
introducedlocal ambiguity functionthe second is the class ofq| tor the Cohen class. We will next present several new resuits
guartic, shift-covariant TFDs, and the third is a distribution Oéoncerning the LAF and apply it to the estimation of instanta-

neous chirp rate.
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It is straightforward to show that the LAF satisfies the sanfenction [33] as a means for estimating chirp rate. Here, we
property for ther andé variables present examples that show that the method based on the Wigner
1 i distribution does not work well for multicomponent signals and
— //Qx(t, w, 0, )T dr df = Q. (t, w, 6, 7). (2) fornonlinear chirps, whereas a similar method based on the LAF

2 does work well.

- . . . We will use the following three functions:
By combining (1) and (2), we arrive at a simpler formulation of ¢

the LAF
0 0 v1(e, to, wo) = / W (to+r, wo+ rc)dr
T T
Q:(t,w,7,0) =W, <t+ —, w+ —) W, <t— — w— —) .
2 2 2 2(3) v2(¢, to, wo) = / |Wo(to + 7, wo +7¢)|? dr
With this knowledge, we can see that the LAF appears in o
Janssen’s interference formula [24] 73(¢, to, wo) = / Qx(to, wo, , rc) dr
2 |Wa(t, w)|? to define three estimators of ICR at the time—frequency point
_ T 0 T 0 (to, wo)
= /W,}<t+2,w+2> Wx<t 2,w 2) dr df.
. . . . Ait, — argind 7 ,t, ":1,"',3.
Another peculiar, quartic function was defined by Szu and ilto, wo) rugimx 7(e: to, wo) ’

Caulfield [25]
The quadratic estimatég has been proposed in several contexts

Zo(t, w, 7, 0) = = Wo(t, w) A%(0, 7) @7 (4) [28]-[32]. If the signal is of the formx(t) = ei(eatart+azt®)

27 (i.e., alinear chirp) andto, wo) satisfywo = a; + asto, then
Szu and Caulfield were interested in using their function to corthis estimator will be the maximum likelihood estimator [29].
pare the time-frequency content of two signals. By comparifigie two quartic estimator& andéz will be identical to each
(1) and (4), one can see that the relationship between Szu’s fupiher when the signal is a noiseless, chirped Gaussian, but not
tion and the LAF is remarkably like the relationship between tHer the general case.
Rihaczek distributioh and the Wigner distribution. The LAF  We now show two simple examples where the two esti-
also satisfies a relation similar to the Moyal formula [2], [3] mators based on the Wigner distribution provide incorrect

answers, whereas the estimator based on the LAF gives the

/// Q.(t, w, 7, 0)Q,(t, w, 7, 6) dt dw dr df correct answer. The first example is to estimate the ICR of a
guadratic chirp. In Fig. 1(a), we show the Wigner distribution
4 of a quadratic chirp, and we wish to estimate the ICR at the
= 4z? / x()y*(t) dt time—frequency point32, 0). In Fig. 1(b), we show the LAF
evaluated at the poir§82, 0). Finally, in Fig. 1(c), we show the
functions~y, v2, and~s. The true ICR a{32, 0) corresponds
B. Estimation of Instantaneous Chirp Rate to an angle of O rad,and only the LAF provides the correct
Let us suppose that we have a narrowband signal model@stimate of this angle. For the second example, we repeat the
the form same procedure in Fig. 1(d)—(f) for a signal composed of two
chirps, where we would also like to estimate the ICR at the
x(t) = A(t) e?#® (5) time—frequency poin{32, 0). The chirp centered af32, 0)

) ) . corresponds to an angle of/4 rad, and again, only the LAF
whereA(¢) is a slowly varying function, and the spectradfft) nrovides the correct estimate of this angle. The other two

q ~ t H
ande“(. ) do not overlap. The instantaneous frequency (IF) @stimators give an estimate corresponding to the other chirp
these signals is often definec®as centered af16, 0.25).

The LAF-based estimator correctly determined the ICR for

wilt) = ¢ () the noiseless, quadratic chirp in the above example. By a geo-
and by extending this one step further, one can define the instg#etrical argument, we expect this to always approximately be
taneous chirp rate (ICR) as true. In Fig. 2, we show an example that illustrates the computa-
tion of the LAF at a given time—frequency point, where the point
ci(t) = &(t). of interest is indicated by the circle. By analyzing (3), one can

S | authors h d taking Rad Houah see that the LAF at a given time-frequency point is simply the
everal authors have proposed taking Radon (or Hough) tra Foduct of the Wigner distribution with its reflection about this

forms of the Wigner distribution [28]-[32] and the ambiguit point. Intuitively, this multiplication of the Wigner distribution

ZNote that the Wigner distribution is the two-dimensional (2-D) Fourier tran¥ith its reflection serves to eliminate the curvature and empha-
form of the ambiguity function and the definition of the Rihaczek distributiosjze the tangential information at this point.
R, (t, w) = a(t) X" (w) e I=?

3There is much research and much debate about how to define the analyti#The actual values of the chirp rates are not very intuitive so we plot the func-
signal and instantaneous frequency which is beyond the scope of this papertjdhs+; as a function of the angle in the time—frequency plane, where the angle
[2], [26], [27]. is measured counterclockwise from the positive time axis.
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Fig. 1. Comparison of three estimators of instantaneous chirp rate.

By To compare the statistical performance of the three estima-
g tors, we ran simulations consisting of a chirped Gaussian in
2 complex, white, Gaussian noise (CWGN). The discrete signal
used in the simulation is
—-(1/2)
(\/ 27 d)
time 2
. (=t i< — 1) + jw(n —t)
Fig. 2. Geometrical argument for the LAF based estimator. eXp 2d +J 2 (n ) Jwin
For the LAF-based estimator to correctly determine the ICRith , = [1, - .-, 64],# = 32,w = 0, ¢ = 27/64, andd = 8. In

it must satisfy the following condition: practice, the location of the chirp will generally not be known
d ] and will have to be estimated. Thus, we incorporated into the

70 13(e () =0. (6) simulations a parametex that indicates the error in estimating

e=p(t) the location of the chirp in time. In Table I, we present the mean

This condition states that the functigp will have a local max- and variance of the three estimators for 1000 trials (with one

imum or

minimum at the true value of the chirp rate. In the Apexception that will be explained below), where the colusmn

pendix, we show that for quadratic chirps, the LAF-based estierresponds to the standard deviation of the CWGN. In several
mator always satisfies the above necessary condition. We hangances, the LAF-based estimatgroutperformsé;, which

not been

able to show that (6) corresponds to a global maximumas a clear relationship with the MLE [29]. The estimatgor

but given the above geometrical argument, we expect this tod@es not perform as well as the other two; therefore, it will not

true.

be examined further.
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TABLE | and is commonly referred to as the Cohen class [35]. The above
BIAS AND VARIANCE OF THE THREE LOCAL ESTIMATORS OFCHIRP RATE can be derived axiomatically [2], and we will apply the same
100x bias 10000x variance procedure here. The class of genegalartic TFDs can be ex-

o |wl w2l g wlw2|o pressed in the following form:

0.02 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 Tu(t, w; K) :/// K(t w; t1, to, 3, t1)

0.05 | 0.00 | 0.00 | 0.00 || 0.00 | 0.00 | 0.00

0.10 || 0.04 | 0.02 | 0.02 || 0.11 | 0.07 | 0.07 -w(ty) o(te) o™ (t3) 2™ (ty) dby dty dtz dty.

0.15 ) 0.20 | 0.46 | 0.18 ) 1.21 | 3.64 | 1.64 If we impose time and frequency shift covariance, i.e.,

0.02 || 0.00 | 0.00 | 0.00 || 0.00 | 0.04 | 0.00 y(t) = x(t — to) e’0' constrains the corresponding TFDs as

T,(t, w; K) = T,(t —to, w — wo; K), then we arrive at the

0.05 || 0.05 | 0.17 | 0.01 || 0.05 | 0.21 | 0.03 : : )
quartic, shift-covariant class

0.10 || 0.10 | 0.19 | 0.06 || 0.36 | 0.62 | 0.41
0.02 || 0.91 | 1.66 | 0.12 || 0.03 | 0.09 | 0.42 LFo(¢, w; z/)):////at(tl)a?(tg)a?*(tg)a:*(t4)z/)
0.05 || 0.70 | 1.21 | 0.24 || 0.67 | 0.86 | 2.89

0.10 | 0.81 | 0.96 | 1.07 | 2.94 | 2.28 | 12.2

H o= o foe o om0 0 © o | D

(=t ta—t t3—t, ta— 1)
ceTieittemtamt) gy gty dts dty (8)

« ForA = 0 ande = 0.10, the LAF-based estimator has awh|ch we will denote as the quartic class of TFDs (the shift

lower bias and variance than. The number of trials for covariance will be implied). The quartic class has a dual form,
a. whichis expressed in terms of the Fourier transform of the signal

this example was increased to 5000 to obtain statistic d can also be expressed in terms of the LAF discussed in the

significance® revious section
* ForA = (1/2) ando = 0.05, the LAF-based estimator P

has a lower bias and variance th&n These differences oo
are statistically significant with 1000 trails. Pt wi ¢) _//// @uls, v, 7, 0)9
e ForA =1 ando =0.02 or 0.05, the LAF-based estimator

has a much lower bias thaf. These differences are sta- (s—tv—w 7 O)dsdvdrdd. (9)

tistically significant with 1000 trails. _ Thus, the LAF is a generating function for the quartic class in the
* With very low SNR, the LAF-based estimator will have aame way that the Wigner distribution is a generating function
higher variance tha#; . for the Cohen class. Note that Szu’s function is also a generating
The LAF-based estimator was used in [34] for the problem @inction for the quartic class, as is the Rihaczek distribution for
atomic decomposition with chirped Gabor functions. the Cohen class.
Another form that will prove to be useful in subsequent sec-
Ill. QUARTIC, SHIFT-COVARIANT DISTRIBUTIONS tions is based on what we will call treembiguous ambiguity

In this section, we derive two types of quartic, shift—covariarwnCtion(AAF)
distributions. The first is a distribution of time and frequency . A 1 o jth
and is derived by imposing shift covariance properties [2]. The Qul7, 0,7, 0) = %/ Qalt, w, 7, O) e dt duw.
second is a distribution of time and chirp-rate and is derived
using a property of cubic polynomials. The AAF has a simple relationship with the ambiguity function

A. Time and Frequency

Qi br o)y = A, [0+ 0 re ) ar (0= 1),
The class of quadratic, shift-covariant TFDs can be expressed 2 2 2 2

in several forms The relationship between the LAF and the AAF is similar to that

Ca(t, wi @) I//w(tl) o (t2)p(t — ¢, ta — 1) between the Wigner distribution and the ambiguity function.
With the following transformation on the kernel:

. Cijw(tlitz) dtl dtg R 1 e
or, 0, 7.0)= o //¢(t, w, T, 0) FTI g g
e

://W,;(s, v) p(s —t, v — w) ds dv

we can formulate the quartic class as

_ % // A0, T) BB, T) I o dr (7) 1 o o
LF.(t, w; @)= by /// Q.(7,6, 7, H0(7,0,71,6)

SWe assumed the estimators are Gaussian distributed and used the estimated

means and variances to compute 95% confidence intervals for the means and - eIICT 47 df dr d. (10)
variances. If the 95% confidence intervals do not overlap, then we conclude
that the differences are statistically significant. “There is ambiguity in deciding how many of the signal terms should be con-

6We will use the notation€’, (t, w; ©), C..(t, w; &), andC,(t, w; @) jugated. Other choices result in distributions with less interesting properties.
interchangeably to emphasize one form over the other. 8Recall the self-transforming property of the LAF.
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The three forms of the quartic class in (8)—(10) are analogous;The intersection of the polynomial Wigner-Ville distribu-
respectively, to the three forms for the Cohen class in (7). tions (PWVD'’s) [13], [14] and the quatrtic class is

1) Examples:Up to a multiplicative constant, every . '
Cohen class TFD is also in the quartic class. If we denoteP-(t, w) = / R(t, 7)e 7" dr (11a)

the signal energy a&, = [ |z(¢)|* dt, then F,(t, w; @1) _ . .
= E, C.(¢, w; ®2) with the kernels being related as Raft, 7) =a(t+bor) ot +byr) 2 (t+bar) 27 (E+ b:())I]).b)

®y(7,8,7,0)=26 <T - %) 6 <9 - g) Po(6, 7). and will be discussed in more detail below.
Several authors have defined TFDs based on higher order
The squared modulus of any Cohen class TFD will be $pectra[9], [10], [39], [40] In particular, the fourth-order Cohen
member of the quartic class. class (4-CC) [9], [10] was derived by imposing covariance prop-
erties and has the closest connection to the quartic class de-
LFo(t, w; ¢1) = |Cult, w; </)2)|2 fined here. The 4-CC has three frequency variables, whereas

the quartic class has only one frequency variable, and there are
many ways to reduce these three variables to one. For example,

d1(t, w, T, 0) = o <t + %, w+ g) @5 <t - Z, w— Q) ) if (¢, wi, w2, ws) is @ member of 4-CC, then

where the kernels are related as

2 2 Fo(t, w; ¢1) =H,(t, w, w, w)

An interesting example is the squared modulus of the Rihaczek i
distribution, which will be positive and satisfy marginal proper- Fo(t, w; ¢o2) ://Hw(tv W, wa, w3) dws dwy
ties. There is no Cohen class TFD that satisfies these two prop-
erties [2]? are members of the quatrtic class. Since there are many ways of
The product of any two Cohen class TFDs will be in theeducing 4-CC to the quartic class, there is no simple way to
quartic class. prescribe a precise relationship between the two.
2) Localized Distributions:We are now going to investigate
Fo(t, wi ¢1) = Co(t, wi ¢2) Calt, wi ¢3) the intersection of the quartic class and the PWVD's, which are
where the kernels are related as expressed in (11), when the signal is of the form
— oJe(t)
Gi(t, w, 7, 0) = o <t+%,w+§) s <t—%,w—§), z(t) = 12)
and ¢(t) is an arbitrary cubic polynomial [i.ex(t) is a

An interesting example concerns the strong time support agidadratic chirp]. We are interested in finding a perfectly
the strong frequency support properties [36]. The only Cohdocalized distribution of the form
class TFDs to satisfy both of these are the linear combinations Pa(t, ) = 27 8(w — (1)
of the real and imaginary parts of the Rihaczek distribution [37], A )
[38]. However, ifC,.(t, w; ¢-) satisfies the strong time supportThere does not exist a Cohen class TFD that localizes this class
property, and’,,(¢, w; ¢3) satisfies the strong frequency supef signals [2]t°
port property, then their product will be in the quartic class and Wheny(¢) is a cubic polynomial, (11b) simplifies to
satisfy both properties. . .

The following convolutions of two Cohen class TFDs willbe 7 108 Ro(t, 7) =7 ¢(t) (bo + by — b2 —bs)
in the quartic class + 577 () (b3 + ] — b3 — b3)

1.3~ 3 3_ 13 _ 13
Fr(ta ws d)l) :C’I‘(2t7 2(4)7 ¢2) Kt K C’I‘(2t? 2(“)7 ¢3) + 6 4 Sa(t) (bO + bl b2 b3) (13)

Fo(t, wy ¢1) =Co(2t, wi ) = Cau(2t, wi ¢3) Clearly, if we can solve the following system of equations:
Fw(tv ws (/)/1/) :Oaz(tv 2‘*‘); (/)2) *w Ox(tv 2‘*‘); (/)3) bO + bl - b? - b3 =1
) . . . i b2+b2—b2—b220
The second-order L-Wigner distribution [11], [12] and its 0TV Y2753
dual form are members of the quartic class be b — b5 — b5 =0
7\2 N2 e thenR,(t, 7) = ™M), Po(t, w) = 27 §(w — ¢(t)), and we
_ _ * _ JwT i 9’ 1 r b )
Laft, w) = / * (H_ 4) * (t 4) © dr will have the ideal distribution. The solution to the above system

7 1 e 9 2 7ok 6 2 jot IS
1 ==

. ) ) T3 2hy—1
with kernels corresponding, respectively, to
—1+4+by+ bl £ bo — b1)2 + 2bg+ 201 — 1
P(t, w, 7, 0) =6(t) 6(w) 6(8) b2 = : A 02 : —
(/)(t, w, T, 9) I(S(t) (5((4)) 6(7’) bg Ib0+b1—b2—1

SWith the more general definition of the Cohen class [1], there exist TFDs 10 ocalized distributions can be obtained with the more general definition of
that satisfy these two properties [1], [17]. the Cohen class that includes signal-dependent kernels [1].
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Third, the distributions seem to be more localized for general
signals. By performing a Taylor series expansion

oo

ot +br) = 37 (br) o (1) i

=0

we can express (13) in a more general form

jlog Ry(t, 7) = > 7 oW (#) hi(bo) /il.
i=1

-05 i
b From the above. we know that (by) = 1, ha(bo) = 0, and
------ { hs(bo) = 0. If there existed a valué such thath;(b) = 0 for
15| — : 3 < ¢ < p, then we would have the ideal distribution whe(t)
T i is a polynomial of degreg. Unfortunately, the functionh.(b,)
-2, 1 " Y o 3.5 1 15 is always positive, and therefore, we will not be able to provide
by localization whenp(¢) has a degree higher than 3. However, it
can be shown that bothy(by) andh;(bo) have equal minima
Fig. 3. Parameters that localize quadratic chirps. atz, 1, andz,. Thus, the distribution will be, in a sense, “op-
timized” wheng(¢) is a fourth- or fifth-order polynomial. We
which leavesy as a free parameter. If have not shown any general results on the minimization of the
hz(bo) fori > 5.
by > @ <—1 +43+ 2\/§> (14a) In Fig. 4, examples of the above distribution, witk= z,, are
or 6 shown for a quadratic chirp, a cubic chirp, and a sinusoid. The
V3 distribution of the quadratic chirp is perfectly localized, whereas
b < o <—1 +1v/3+ 2\/§> (14b) the distribution of the cubic chirp is not. The sinusoid has many

cross terms that appear from the interaction of the positive and
thendy, by, andbs will be real. The entire set of parameters isiegative frequency components. Since some of the cross terms
displayed in Fig. 3 as a function &§. are not oscillatory, simple filtering techniques will not attenuate
While all values ofbg [subject to (14)] will furnish the ideal them, and more sophisticated measures are necessary. The anal-
distribution for quadratic chirps, the following three values foysis of the geometry of the LAF in [19] suggests that to eliminate

bo: cross terms, the kernelt, w, 7, 8) should be a lowpass filter

3 in the ¢t andw variables and a window with compact support

20 = — <_1 —\/34+ 2\/§> (15a) inther andé variables. Another method for attenuating cross

terms in polynomial Wigner distributions has been discussed in

V3 / [41].

=g <_1 tys+ 2\6) (15b) In Fig. 5, we show three different distributions of a signal with
1 V3 a sinusoidal instantaneous frequency. The first is the Wigner

=5+ (15c) distribution, the second is the localized distribution wigh=

70, and the third is the localized distribution with = 1. The

give the same distribution with three additional, interestin,gcanzed distribution appears more localized figr= =, than
properties. for by = 1.

_First, two of the four coefficients will be the same, which 3) pronerties: There are an abundance of properties that
simplifies the computations. have been applied to TFDs. To exhaustively show these

L . . . S : . . iee .
Second, the distribution of a Gaussian sigra) = ¢ will _Ipropertles for the quartic case is difficult and time and space
have the highest concentration in the time—frequency plane. cﬂﬁwsuming, and thus, we show a few of the more interesting

distribution of this Gaussian is ones here.
Pyt w) — o4 B0) —a(bo)w? /4 Litwh(bo) g) Marginals_: There are several mar.ginals that o_ne could
consider for quartic TFDs. In Table Il, we list four quartic TFDs
Fbo) =1 — 1 14405 — 14405 + 6005 — 1209 + 1 and their corresponding marginals. All of the marginals con-
8  36b — 36b3 + 18b3 — 6by + 1 tain cross terms (like those for the Cohen class), but the cross
(=14 2by)? terms will be much more prominent for the first, third, and fourth

cases, and thus, the second will likely be preferred in most in-
stances.

9(b) =18

36b3 — 3663 + 1862 — 6l + 1

wheref(), g( ), andk() are real functions of,. To minimize X 4
the concentration, we want to find the valuégthat maximizes (0,6, 7,0)=46 <9 - —) 8(7)
the functionsf() andg() [k() is irrelevant since it does not 2
affect the concentration]. Subjectto (14), each of these functions O+ 0 7 0 =8 r— T 50
has equal maxima at, z1, andz». (7,0, 7, 0) =6 {7 ) (®)
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Fig. 5. Comparison of the Wigner distribution and the localized distributions.

are, respectively, sufficient kernel constraints for the following

marginal properties:
/Tx(t, w; @) dw =20 By |o(t)?

/ To(t, w; @) dt =E, | X(w)?

b) Moyal formula: There do not exist any TFDs in the
quartic class that satisfy the following Moyal-like formula

/ 2ty (1) dt

If we assume the above holds for sofethen we have

/// // (7, 0,7, 6) Qy(r, 6,

(r, 6, 7, 0) dr df d7 df d7 df

///Qx 0, 7, 0) Q;(r, 0, 7, 6) dr df d7 df

which implies that

4
/Fm(t, w; @) Fy(t, w; ®)dtdw = 4n”

A~

7, 0)®(r, 0, 7, 6)®*

(7, 0, 7, )®*(, 0, 7, 6) = 6(7 — 7) 5(6 — 6)

which can not be true.
c) Symplectic transformationsThe Wigner distribution

TABLE I
MARGINALS OF SEVERAL QUARTIC TFDs

Distribution Time Marginal Frequency Marginal
W2(t,w) | 4o« [2(20)]” | 21X (2w)]% * | X (20)[?

By Wa(t,w) 21 E; |o(t))? By |X(w)]?
La(t,w) 2 |z(t)]* 2| & X (2w) * X (2w)[?
L (t,w) ar z(2¢) * z(2t)? (X (w)[*

formations [42]. For the quartic class, the following are, respec-
tively, sufficient kernel constraints for TFDs in the quartic class
to be covariant to scalings, Fourier transforms, and chirp multi-
plications

(7, 0, 7, 0) =®(at, /a, ar, 8/a)
@(%é79)= (é , =6, 7)
(7,0, 7,0)=0(7,0 —ar, 1,0 — ar).

If (7, 8, 7,0) = f(fr — 67) for some functionf(), then
the distribution will be covariant to the above three transfor-
mations and, thus, all symplectic transformations. Two distri-
butions from the quartic class that satisfy this &eW..(t, w)

is the only quadratic distribution covariant to symplectic trangnd W, (¢, w)?.
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B. Time and Chirp Rate In Fig. 6, examples of the time-chirp distribution are shown

for the same three signals as in Fig. 4. As a result, the instanta-
neous chirp rate in the three time-chirp distributions are roughly
(T, x)(t) =zt —t,) the derivative of the instantaneous frequency of the three local-
—2(f) picot?/2. ized distributions. For the quadratic chirp, the distribution is lo-
calized along the linear, instantaneous chirp rate. For the cubic
According to the results of Baraniuk [43], there do not exighirp, the instantaneous chirp rate is a quadratic function, al-
quadratic distributions covariant to these two operators sing@ugh the distribution is not perfectly localized. The chirp rate
these two operators are unitarily equivalent to neither time-sHft the sinusoid is zero, and thus, the two auto terms appear at
and frequency-shift nor to time-shift and scale. However, we= 0 on the chirp axis. The cross terms have a complicated
will derive a quartic function covariant to these two operatorsstructure and obscure the auto terms.
Note that ifo(t) is a quadratic polynomial, then

Consider the time-shift and chirp-shift operators

C. Discussion

) (t + I) — (t - I) =7 ¢(t) The quartic distributions introduced here have properties that

2 2 are not obtainable with quadratic distributions. However, the

holds exactly for alt andr. From this, itis clear that the Wigner quartic nature of these distributions presents other complica-
distribution provides the ideal distribution for linear chirps  tions.

The general quartic class of TFDs will have many more cross

W (t, w) = / z (t + %) z* (t — %) eI dr terms than quadratic distributions. The analysis of the cross
terms in the LAF in [19] suggests a lowpass filtering kernel in

— / e I gr — 21 §(w — @(t)). time and frequency and a windowing kernel in lag and doppler.
However, the manipulation of these four-dimensional functions

will likely be prohibitive computationally. The localized distri-
butions provide one means of reducing the dimensionality and
Ot +7) — 20(t) + ot —7) = 72 $(t) the computational complexity, and perhaps other methods of re-
ducing the dimensionality will also lead to interesting distribu-
holds exactly for alt andr. From the above, one can derive thgions.
following distribution of time and chirp rate: The localized distributions have the same computational
P complexity as quadratic distributions in the Cohen class.
Zn(t, 1) = {x (t+yr)at ezt =), 720 While these distributions provide interesting representations
Zy(t, —7), 7<0 for narrowband signals of the form (5), there are many more

If ©(¢) is a cubic polynomial, then

jer cross terms for multicomponent signals, some of which are
To(t, o) = / Zy(t, T)e dr not oscillatory. A method for attenuating cross terms in the
PWVD'’s (of which the localized distributions are a subset)

that will provide the ideal time-chirp distribution for quadratithgs been proposed in [41]. A numerical difficulty is that the

chirps [as defined in (12) wittp(¢) a cubic polynomial] localized distributions require interpolation of the signal to
S irrational factors.
T,(t, ¢) :/e*”@*@(t)) dr =21 8(c — $(1)). The time-chirp distribution has the same computational

complexity as distributions in the Cohen class and provides
This distribution is covariant to the time-shift and chirp-shifinteresting distributions for narrowband signals, but it has many
operators. Ify(t) = (T, C. z)(t), thenT, (¢, ¢) = T,(t — cross terms for multicomponent signals and requires interpo-
t,, ¢ — ¢,). The distribution will also be invariant to frequencylation to irrational factors. The cross terms in the time-chirp
shifts. distribution have a complicated structure and an analysis of
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the interferences [44], [45] could lead to methods for thewhere the last step comes from the Fourier transform of a chirp
attenuation. signal. Applying the derivative results in

d . [ jm (utv)(e— (1))
ONCLUSIONS T st o) // (u—v)3as/d  6(u—v)as
In this paper, we have extolled the virtues of several types

ambiguity function and showed that it can provide a better es-
timate of instantaneous chirp rate than the Wigner distribution, )
particularly in high SNR and for nonlinear chirps. Second, we (U+U)2(C—<P(t))2>} dudv

of quartic TFDs. First, we presented new results on the local s 3
-expq j | az(u”—v°) /4

introduced the class of quartic, shift-covariant TFDs (the quartic 12(u—v)ag

class) and showed that its members can have properties thatgigeh will be 0 whenc = ¢(¢).

not obtainable with the Cohen class. An example that was pre-

sented in detail is the localization of quadratic chirps. Third, we

presented a covariant distribution of time and chirp-rate, which

is not possible with quadratic distributions. The authors would like to thank P.-O. Amblard and A.
The quartic distributions also present complicated viceBapandreou-Suppappola for useful discussions regarding this

those of increased computational complexity and a greaw@rk and one of the reviewers for carefully reading the manu-

number of cross terms. In this paper, we expose these visesipt and providing suggestions that improved the quality of

without providing any significant contributions for overcominghe paper.
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